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ABSTRACT 

 

Thick walled pressure vessels are often autofrettaged in order to impart favorable near bore 

compressive residual stresses which can significantly increase the life of the vessels. These 

stresses can be imparted via a thermal shrink process in which there is no loss of residual stresses 

due to the Bauschinger Effect, or more economically with a mechanical swage or hydraulic 

overload process in which the Bauschinger Effect is present. 

 

In some cases these vessels have holes bored through the wall in order to take advantage of the 

escaping gasses for actuation of external peripherals associated with the vessel. These through 

holes which can be angled or perpendicular to the centerline of the major axis of the pressure 

vessel can significantly reduce the life of the vessel depending on the wall ratio of the vessel as 

well as the, angle of inclination of the hole to the centerline of the vessel.   

 

This study utilizes the classic stress based Paris Law fatigue life approach which takes into 

account the residual stresses as a function of radial location to assess the life of the vessel in the 

region of both configurations of through holes. It quantifies the concentration of stresses 

associated with the perpendicular and angled evacuator holes, and the amount of pressure that 

actually enters the evacuator hole. The analysis is employed to ensure that the life within these 

through holes meets or exceeds the safe life of the vessel without evacuator holes which has been 

determined by the 90% lower confidence bound on the 0.1
th

 percentile on the population from 

the results of a minimum of six tests. 
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NOMENCLATURE 

 

ai,af  initial, final crack length 

  angle to centerline of evacuator hole 

p      internal pressure of vessel 

r1  inside radius 

r2  outside radius 

r   radial wall location 

YS  Material Yield Strength 

  elastic/plastic interface 

  Bauschinger Effect Factor 

Kt  Stress Concentration Factor 

C  Paris Law Coefficient 

n  Paris Law Exponent 

effective effective stress range 

A  fraction of pressure in through hole  

c’  minor axis of through hole  

d’  major axis of through hole 

c  elliptical aspect ratio of through hole (=d’/c’) 

f  crack shape factor  

x  non dimensioned wall location 

W  wall ratio 

R,,z radial, angular and axial orientation respectively with z coinciding with centerline 

of the major axis of cylinder 

 

INTRODUCTION 

 

Often times pressure vessels are manufactured with various through wall holes in order to take 

advantage of the pressure within the vessel and utilize it for working external components 

associated with the vessel. These through wall holes are often inclined to the major axis of the 

vessel at some angle  which is referenced from the centerline of the vessel. Typically the angle 

of inclination varies between 30° and 90° when measured from the major axis of the vessel. 

(Figure1). Also defined in Figure 1 is d’ or the major axis of the through hole and c’ which is the 

minor axis of the through hole, as well as the  aspect ratio, c, defined as  d’/c’ which is the ratio 

of the ellipse created as the through hole intersects the bore surface. 

 

O’Hara [1] investigated stress concentration factors of through holes in vessels that are 

orientated in the R- plane and intersect the bore on a radial 45° tangent to the bore surface. This 

type of through hole results in an ellipse at the bore surface which is orientated so that the major 

axis of the resultant ellipse is perpendicular to that depicted in Figure 1. This orientation results 

in a decreased stress concentration factor due to the fact that  the larger radius of curvature 

(associated with the c’) is now orientated with the hoop stresses, which predominately control 

fatigue failure. 
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Although his analysis clearly showed a decrease in the stress concentration factor of a through 

hole which intersected the bore on a radial 45° tangent to the bore surface, his proposals have 

never been implemented.   

 

 

 

Figure 1: Nomenclature 

 
Cheng [2] also investigated the effects of the stress concentration factor created by through holes 

and provided an equation for a pressurized open ended cylinder with a through hole in the R-z 

plane as is depicted in Figure 1. However, his photoelastic measurements consistently produced 

Kt lower than the analytical predictions.  

Subsequent work by Nagamatsu et al [3] showed that when a vessel is rapidly pressurized with 

gas only a small fraction of the vessel’s pressure enters the evacuator hole because of the 

choking nature of gasses when exiting the vessel and entering the evacuator hole. Nagamatsu’s 

results clearly showed that only about 20% of the bore pressure enters these small (d’ and c’ << 

r1) evacuator holes.   

Additional studies by Underwood et al [4] looked into the effects of partial pressure entering the 

evacuator hole and concluded that the fatigue limiting initiation position along the length of the 

evacuator hole is driven by the location of the elastic/plastic boundary imparted during the 

autofrettage process. Underwood’s analysis was simplified by overlooking the correct full wall 

autofrettage residual stress fields as well as assuming that the final crack length af, was the full 

wall thickness of the pressure vessel and independent of the actual radial wall location in the 

evacuator hole where the cracking was initiated. Typically the final crack length has little 

influence on the lives predicted; however if the crack initiation site is near the outside diameter 

of the vessel and the initial crack depth ai is of a similar magnitude to af, the remaining ligament 

can have a dramatic effect on the predicted remaining life. This analysis will address these issue 

and others. 

r2

r1

circular evacuator hole

=90 , d’/c’=1

 =90 
t

x

A A

A-A

d’

c’ c’

d’

angled evacuator hole

=30 , d’/c’=2

centerline
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STRESS CONCENTRATION EFFECTS OF A THROUGH HOLE IN A PRESSURISED 

VESSEL 

 

The stress concentration factor, Kt for a through wall hole in a pressurized cylinder is a function 

of the inner and outer radius of the pressure vessel, the aspect ratio, c of the through hole as well 

as the pressure that enters the evacuator hole. 

Little & Bagci [5,6] examined stress concentration effects for small through holes in a 

pressurized thick walled cylinder. For the closed-end case the stress concentration factor as given 

by Cheng in reference 2 is: 

 

Kt = (4cr2
2
+r1

2
)/(r2

2
+r1

2
)    (1)  

 

and for the open-end case is given by: 

 

Kt = (4cr2
2
+2r1

2
)/(r2

2
+r1

2
)    (2)  

 

These solutions are valid for the bore of a pressurized thick walled cylinder intersected by a 

small elliptical hole where d’ and c’ << r1. These holes are inclined in the R-z plane, with zero 

inclination in the R- plane, thereby producing an elliptical shape where they intersect the bore 

of the pressure vessel similar to the one depicted in Figure 1. These solutions are limited because 

they assume that the full bore pressure acts within the evacuator hole. However as previously 

noted, the creation of a shock wave at the evacuator hole-bore intersection results in a choking 

effect, with only a proportion of bore pressure getting into the evacuator hole.  

 

In order to determine Kt for a range of pressures within the evacuator hole, Cheng’s equations 

were reformulated for the case in which a proportion A (0<=A<=1) of the bore pressure acts 

within the evacuator hole. 

 

To further generalize the expression for Kt the axial stress z is defined in terms of B, where: 

 

B = (z/p) [(r2
2
/r1

2
) – 1]    (3) 

 

Where the specific end-conditions include [7] 

 

B = 0 for the open-end case 

B = 1 for the closed-end case 

B = 2 x Poisson’s Ratio for zero axial strain 

 

With these additions, following the analysis sequence in [5] and [6], the single general 

expression for Kt can be written as: 

 

Kt = {r2
2
[(2c+1)+A(2c-1)] +  

             r1
2
[(2c+1–B)-A(2c–1)]}/(r2

2
 + r1

2
)      (4) 

 



4 

Equation (4) reduces to Cheng’s solution, eqn (1) above, for A = 1, B = 1 (full pressure in 

evacuator, closed ends) and Cheng’s solution, eqn (2) for A = 1, B = 0 (full pressure in 

evacuator, open ends)  

 

Equation (4) further reduces to: 

 

Kt = [r2
2
(2c+1) + r1

2
(2c)]/(r2

2
+r1

2
)     (5) 

 

for A = 0, B = 1  (no pressure in evacuator, closed ends) 

 

Table 1 displays the specific Kt for various A, B, c and r2/r1. 

 

End condition B % pressure in hole 

A 

r2/r1 c Kt 

closed  (B=1) 100   (A=1) 2 2 6.60 

closed  (B=1) 0       (A=0) 2 2 4.80 

closed  (B=1) 0       (A=0.2) 2 2 5.16 

open     (B=0) 100   (A=1) 2 2 6.80 

open     (B=0) 0       (A=0) 2 2 5.00 

open     (B=0) 20     (A=0.2) 2 2 5.36 

closed  (B=1) 100   (A=1) 2 1 3.40 

closed  (B=1) 0       (A=0) 2 1 2.80 

closed  (B=1) 0       (A=0.2) 2 1 2.92 

open     (B=0) 100   (A=1) 2 1 3.60 

open     (B=0) 0       (A=0) 2 1 3.00 

open     (B=0) 20     (A=0.2) 2 1 3.12 

closed  (B=1) 100   (A=1) 1.5 2 5.85 

closed  (B=1) 0       (A=0) 1.5 2 4.69 

closed  (B=1) 0       (A=0.2) 1.5 2 4.92 

open     (B=0) 100   (A=1) 1.5 2 6.15 

open     (B=0) 0       (A=0) 1.5 2 5.00 

open     (B=0) 20     (A=0.2) 1.5 2 5.23 

closed  (B=1) 100   (A=1) 1.5 1 3.08 

closed  (B=1) 0       (A=0) 1.5 1 2.69 

closed  (B=1) 0       (A=0.2) 1.5 1 2.77 

open     (B=0) 100   (A=1) 1.5 1 3.38 

open     (B=0) 0       (A=0) 1.5 1 3.00 

open     (B=0) 20     (A=0.2) 1.5 1 3.08 

 

Table 1: Kt for various A, B, c and r2/r1 
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STRESSES IN THICK WALLED CYLINERS 

 
Since these vessels are 100% overstrained, the effective stresses in them are the combinations of 

several stresses acting together that control the life of the vessel. Those stresses include the Lame 

or pressure loading stresses, the autofrettage residual stresses and the stresses acting within the 

hole as a result of the pressure that enters the evacuator hole. Since the hoop stresses are the 

controlling stresses they are the ones that will be concentrated on in this discussion. The general 

equation that represents these effective stresses can be written as  

 

effective = Kt*Lame  Kt*residual pressure (6) 

 

These stresses and their associated governing equation are presented next.   

 

LAME STRESSES 

 

The Lame stresses are the stresses which result from the pressure loading of the vessel. The most 

important of the Lame stresses are the hoop stresses since they control the fatigue life of the 

vessel. The equation for the Lame hoop stresses [8] can be written as  

Lame = [-pr1
2
/(r2

2
-r1

2
)](1+r2

2
/r

2
) –Ap      (7) 

 

Where the Ap term accounts for the fraction of pressure acting on the surface of the crack in the 

evacuator hole. If Lame times the appropriate Kt exceeds the material yield strength YS we 

simply cap the Lame at the materials yield strength. Although capping of the Lame stress at the 

yield strength allows us to simplify the analysis, there is some error introduced by neglecting 

cyclic plasticity effects including cyclic strain hardening.   

 

RESIDUAL AUTOFRETTAGE STRESSES 

 

The hoop autofrettage residual stresses are induced as a result of the plastic straining during the 

autofrettage process and can be written as [9] 

 

auto-hoop-plastic = YS[(r1
2
/(r2

2
-r1

2
))(1+r2

2
/r

2
)(

2
-r2

2
)/2r2

2
-LN(/r1)+((

2
+r2

2
)/2r2

2
-LN(/r))] 

for r1 < r <     

and  

auto-hoop-elastic = YS(1+r2
2
/r

2
)[(

2
/2r2

2
+(r1

2
/(r2

2
-r1

2
))((

2
-r2

2
)/2r2

2
-LN(/r1))] 

for < r < r2    (9) 

where  

r2-r1)*% autofrettage+ r1  (10) 

 

However this is not the only stress from autofrettage acting in the hoop direction. The 

autofrettage process also induces a residual axial stress field. This stress field along with the 

typical hoop stress field is shown schematically in Figure 2, along with the results superimposed 

to give the total residual stress field in the vicinity of the hole. 
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We have assumed for this analysis that the axial stress is 1/3 of the hoop stress with the same 

sign as the hoop stresses. This simplification will be used in this analysis, however past work by 

Davidson et al [10] and more recently work by O’Hara [11] suggests that this simplification may 

be in error. Their findings have suggested that in swaged tubes the axial stresses vary in 

magnitude and sign depending on the percentage of autofrettage as well as the wall ratio, W, of 

the vessel.   
 

 

Figure 2: Stress concentration effects in bi-axial stress field. 

 

If  Kt * auto-hoop-plastic  - Axial  exceeds -YS than we must account for the loss of reverse loading 

strength also known as the Bauschinger Effect Factor, For this analysis the  was  assumed to 

be a constant with  = 0.7. Under this condition the residual stress to utilize in equation 7 

becomes 

residual   =   * ( Kt auto-hoop-plastic -Axial )  (11) 

Whereas if the auto-hoop-elastic times the appropriate Kt exceeds YS we simply cap the auto-hoop-

elastic at the materials yield strength. As in the case of the Lame stress, capping of the residual 

stress at the yield stress allows us to simplify the analysis and may lead to some error. 

 

 

 

 

s hoop- s hoop- s hoop

Kts hoop

Kts hoop

s hoop

- s axial

Kts axial

s axial

s axial

Kts axial

- s axial

Kts axial

- s hoop

Kts hoop- s axial

Kts axial

- s hoop

Kts hoop- s axial



7 

EVACUATOR PRESSURE STRESSES 

Since the results published in [3] suggest that only a fraction of the bore pressure enters the 

evacuator hole, we need to account the stresses in the hole as a result of the pressure as  

 

pressure = -Ap    (14) 

 

Once each of the stresses in Equation 6 are calculated and summed, if the effective stress is in 

excess of the material yield strength the effective stress is capped at the materials yield strength, 

which again may lead to some error in the analysis. 

 

FATIGUE LIFE ANALYSIS 

 

Fatigue life analysis utilizes the well know Paris Law 

 

 da/dN = C K
 n    

(15) 

 

where the effective stress intensity range is approximated as  
  

K  = 1.12f effective √a    (16) 

  

and eff represents the positive portion of the summation of stresses from equation 6 including 

the effect of the residual stress, which is not an alternating stress but a constant stress. This 

assumption allows us to simplify the analysis by neglecting any R-ratio effects and it results in a 

conservative lower bound prediction on life. We have also defined the crack shape factor f = 0.75 

for an elliptically shaped crack.  Once equation 15 is integrated it takes the form for predicting 

life as   
 

N=2[1/√ai-1/√af]/C 1.12f effective√)
n 

(17) 

 

The Paris Law coefficients C and n were measured for the ASTM A723 low alloy, high strength 

steels by following ASTM E647 test standard and found to be C=1.43E-11 and n=2.67 in SI 

units. 

 

COMPARISON OF MEASURED LIVES 

 

Underwood [4] provided a comparison of his analysis of evacuator holes with actual test data. As 

a check we utilized his inputs with the methodology previously presented to test the validity of 

this method and to see if the added fidelity of this model made for a more accurate prediction of 

lives. The inputs to the comparison analysis are presented in Table 2 along with the all important 

initial flaw size that was assumed to be 10m [12]. The resultant comparisons lives along with 

statistical analysis of the results are presented in the Table 3. 
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Vessel # YS 

MPa 

r1 

mm 

r2 

mm 

Overstrain 

% 

p 

MPa 

35A 1260 53 76 0 207 

35B 1210 53 76 0 207 

86A 1250 53 81 100 207 

25A 1090 60 94 29 297 

25B 1090 60 94 29 297 

91A 1190 60 94 49 297 

91B 1140 60 94 49 297 

85A 1220 78 107 100 83 

85B 1220 78 107 100 83 

 
Table 2: Inputs used in life analysis 

 

The N0.2P represents the result using the method in this report assuming that 20% of the pressure 

enters the evacuator hole. The Nmeasured and the N0.2P
4
 represent the actual measured lives and the 

predictions made in reference [4] respectively. Note the statistical mean and standard deviation 

of this analysis compare favorably with the actual test data, and suggest that this method is a 

better predictor of life than that presented in [4]. 

 

Vessel # x/t Nmeasured 

(cycles) 

N0.2P 

(cycles) 

N0.2P
4 

(cycles)
 

35A 0.00 4710 6984 6970 

35B 0.00 5770 7886 6970 

86A 0.47 9780 8189 24060 

25A 0.24 4780 12116 6860 

25B 0.24 3540 12116 6860 

91A 0.36 3520 8769 8400 

91B 0.36 3550 9907 8400 

85A 0.48 43340 47311 139200 

85B 0.48 40710 47311 139200 

Mean  13300 17843 38547 

St Dev  16413 16800 57328 

 
Table 3: Life comparison with previously published reports 

 

PREDICTION OF FUTURE EVACUATOR HOLE LIVES 

 

ASSESMENT OF INITIAL DAMAGE  

Through investigation was undertaken on vessels similar in size and strength level to pressure 

vessels 85A and 85B however the internal pressure was increased from 83MPa to 124MPa. 

Microstructural investigation as to the damage in these vessels in the evacuator holes, which was 

the resultant of thousands of service cycles, revealed defects ranging up to 1000m in both the 

angled evacuator holes and the straight evacuator holes. These flaws appeared to be a 

combination of general corrosion pitting damage shown in Figure 3, and inter-granular branched 
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cracking damage shown in Figure 4.  In both Figure 3 and Figure 4 the centerline of the pressure 

vessel is from left to right. 

 

 
 

Figure 3: View looking in the R direction in a straight through evacuator hole. 

 

One interesting feature to note is that the inter-granular cracking in the evacuator holes appears 

to be randomly distributed along both the length of the evacuator hole as well as around the 

circumference of the evacuator hole, suggesting that the source of the residual stresses required 

to initiate and propagate these environmental cracks is not a resultant of the typical autofrettage 

residual stresses, which would cause these cracks to be patterned in a predictable manner. The 

random nature of these cracks indicates a random residual stress state which is speculated to be 

induced during the manufacturing process in some as of yet unknown fashion. These 

environmental cracks act as initiation sites for subsequent crack extension from mechanical 

loading. Also of significant importance here is that this is the first time we have ever observed 

environmental cracking from field service that is not accompanied by thermal damage.  

 

 

Figure 4: Environmental cracking observed in evacuator hole. 

 

 



10 

ASSESMENT OF STRESSES 

 

The resultant of the analysis of the stresses following the methodology previously presented is 

shown in Figure 5 for a straight through evacuator hole in an open ended pressure vessel with 

W=1.37, bore pressure of 124MPa,  20% of the pressure entering the evacuator hole and 100% 

autofrettage.   

 

 
 
Figure 5:  Stresses present in straight evacuator hole (c=1.0), open ended vessel, 100% overstrain,  

with 20% of pressure entering hole. 

 

 

 
 
Figure 6: Stresses present in angled evacuator hole (c=2.0), open ended vessel, 100% overstrain 

with 20% of pressure entering hole. 
 

Figure 6 represents the stresses in an angled evacuator hole, =30°, open ended pressure vessel 

with W=1.37, bore pressure of 124MPa, 20% of the pressure entering the evacuator hole and 

100% autofrettaged. Observe from the plots the stress resulting from the pressure in the 

evacuator hole, pressure.  These stresses are shown to be the smallest stress in magnitude of all the 

stresses, and hence they play the least significant role in estimating lives. However, his stress 

poses a difficulty when trying to reproduce them it in a laboratory setting since the same 

hydraulic pressure used to pressurize the bore of the vessel is used to pressurize the evacuator 
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hole and there is no choking effect similar to service loading. Hence the decision was made 

during laboratory testing to test the evacuator hole at full bore pressure, which results in no 

change in effective in the highest stressed region from x/t>0.6 for the straight hole and x/t>0.4 

for the angled hole since at these locations the effective was already greater than the material 

yield strength. Also adding to the complexity of the test is sealing issues in the evacuator holes. 

Typical wedge and o-ring seals were utilized, however in order to implement this type of seal, 

machining of the evacuator holes from the outside diameter of the pressure vessel in necessary. 

This machining process resulted in the removal of the critically stressed region near the outside 

diameter of the pressure vessel as can be seen in Figure 7 for the angled evacuator hole.  In the 

case of the angled hole, the region between x/t =0.60 to x/t of 1.0 was removed and in the case of 

the straight through hole the region between x/t=0.53 to x/t=1.0 was removed to allow for the 

seal seat. 

 

LABORATORY LIFE ASSESMENT 

 

Utilizing the effective stresses presented in Figure 5 and Figure 6, the average ai-measured from the 

inspection of each of the failure surfaces (which is shown in Table 4) and the previously 

presented C and n coefficients we can predict the life of the evacuator holes as a function of wall 

location from Equation 17. The predictions for the straight evacuator hole and angled  

evacuator hole along with the actual measured lives assuming full pressure in the evacuator 

holes, is shown in Table 4 and graphically in Figure 8. Note the lives predicted in the angled 

evacuator hole are essentially constant for x/t > 0.4. This is different than the lives predictions in 

[4] and is due to the fact these lives assume a decreasing af as x/t increases in equation 17. 

Whereas in reference [4] they assumed a constant af for all x/t. Also shown in Figure 8 is the wall 

location of the seals used to restrain the pressure. In the case of the angled hole it is shown as the 

short dotted line at x/t = 0.6 and for the straight hole it is shown as the long dotted at x/t = 0.53.  

The actual lives measured for these tests are shown as the triangles and squares in Figure 8 and 

are also presented in Table 4.   
 

 

Figure 7: Cross section of angled evacuator hole showing depth of seal and location of fatigue 

damage. 
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Tube # x/t ai-measured 

(m) 

orientation Nmeasured 

(cycles) 

N1.0P 

(cycles)
 

85-1 0.57 730 angled 6146 7700 

85-1 0.53 1000 straight 7191 11800 

85-9 0.57 830 angled 5036 7100 

85-9 0.53 900 straight 8356 13500 

Mean  865 

SD  113.8 

 

Table 4: Laboratory life comparison of evacuator holes 

 

FIELD SERVICE LIFE ASSESMENT 

 

Since the field service of these vessels is slightly different that laboratory simulated service we 

have extended the analysis to account for the lower evacuator pressure stresses as well as adding 

a safety factor based on a statistical analysis of the initial flaw sizes measured from the vessels in 

Table 4. The analysis follows similar logic to the prior analysis, except the A in equation 14 was 

reduced to 0.2. The factor of safety includes assessing the standard deviation (SD) of the 

initiation damage observed in the vessels in question, and then assuming 3 SD to account for the 

largest conceivable flaw with a 99.7% probability that the size of the flaw will be less than this 

flaw size. This equates to a flaw that is 1200 m.  The results of utilizing these inputs into 

equation 17 as a function of wall location results can be observed for the straight though hole and 

the angled hole in Figure 9. Also shown in Figure 9 is the statistical results from six full scale 

tests which estimated the operational life of these vessels as determined by the 90% lower 

confidence bound on the 0.1
th

 percentile on the population from the results of a six tests, which 

equated to a life of 2600 cycles and is shown as the dashed line in Figure 9. Note the pressure in 

the evacuator hole has decreased the however the lower predicted life in the holes is mainly the 

result of the application of the 3SD initial flaw size. In both Figure 8 and Figure 9 we have 

neglected the analysis after x/t > 0.8 since in this region other geometric features limit the 

accuracy of this type of analysis. 
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Figure 8: Life as a function of wall locations with 100% of pressure entering the evacuator holes. 

 

 

 

CONCLUSIONS 

 

1. Classical stress analysis and the use of the Paris Law have been utilized successfully to 

accurately predict lives in section with high magnitude localized plasticity by limiting 

maximum applied stresses at the materials yield point and minimum applied stresses to the 

product of the Bauschinger Effect Factor and the material yield strength. 

2. A simple closed form solution has been evaluated for the stress concentration factor of a hole 

through the wall of a pressurized vessel. 

3. Autofrettage play an important role in increasing the predictions of near bore fatigue life in 

angled evacuator holes but has no impact on life in the angled evacuator holes as x/t 

increases. This is due to the fact that the as x/t of approximately 0.4 in vessels that are 

heavily  autofrettaged the effective stress in this location is well above the yield stress of the 

material. 

4. For the same initial flaw size the life in the angled evacuator holes will always be less than or 

equal to the life in the straight though holes. 
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